On the existence, uniqueness and regularity of solutions for a class of micropolar fluids with shear dependent viscosities by Yang, Hui & Wang, Changjia
Electronic Journal of Qualitative Theory of Differential Equations
2019, No. 63, 1–21; https://doi.org/10.14232/ejqtde.2019.1.63 www.math.u-szeged.hu/ejqtde/
On the existence, uniqueness and regularity of
solutions for a class of micropolar fluids
with shear dependent viscosities
Hui Yang and Changjia WangB
School of Science, Changchun University of Science and Technology, Changchun, 130022, P.R. China
Received 26 April 2019, appeared 19 August 2019
Communicated by Maria Alessandra Ragusa
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1 Introduction and main result
The objective of the present work is to study the existence and uniqueness of strong solutions
of a system associated to the steady equations for the motion of incompressible micropo-
lar fluids with shear dependent viscosities in a bounded domain Ω ⊂ R2 having a smooth
boundary. More precisely, we will study the following system
(u · ∇)u− div [(1+ |Du|)p−2Du] +∇η = µr rotw+ f , in Ω,
div u = 0, in Ω,
(u · ∇)w− µ1∆w− µ2∇divw+ µrw = µr rot u+ g, in Ω,
(1.1)
together with the boundary conditions
u|∂Ω = 0, w|∂Ω = 0, (1.2)
where Du = 12 (∇u +∇uT), p ∈ (1, 2) . The vector-valued functions u = (u1, u2, u3),w =
(w1, w2, w3) and the scalar function η denote respectively, the velocity, the angular velocity of
rotation of particles and the pressure of the fluid. The vector-valued functions f and g denote
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respectively, the external sources of linear and angular momentum. The positive constants µ1
and µ2 are the spin viscosities, µr is the vortex viscosity. For simplicity, in this paper, we take
µ1 = µ2 = 1.
The micropolar fluid model, firstly introduced by Eringen in [7], is a substantial general-
ization of the classic Navier–Stokes equations in the sense that the microstructure of the fluid
particles is taken into account. Physically, micropolar fluids represent fluids consisting of rigid
randomly oriented (or spherical) particles suspended in a viscous medium, see e.g. [4, 7, 17].
We note that micropolar fluids enables us to consider some physical phenomena that can not
be treated by the classical Navier–Stokes equations for the viscous incompressible fluids such
as suspensions, lubricants, blood motion in animals and liquid crystals.
If the exponent index p = 2, then (1.1)–(1.2) reduces the the classical micropolar fluid sys-
tem and there are many results on the existence and uniqueness of solutions for it. For exam-
ple, the existence of weak solutions in any connected open set S ⊆ Rd (cf. [24], in any bounded
domain Ω ⊂ Rd) and strong solutions in any bounded domain Ω ⊂ Rd established by Galdi
and Rionero [13], and Yamaguchi [27], respectively. For the same problem, Łukaszewicz [16]
proved the existence and uniqueness of strong solutions in 1989, and, in 1990, established the
global existence of weak solutions for arbitrary initial data (u0,w0) ∈ L2σ× L2 (see [17]). Using
a spectral Galerkin method, Rojas-Medar [23] proved the local existence and uniqueness of
strong solutions. Ortega-Torres and Rojas-Medar proved the global existence of a strong so-
lution by assuming small initial data, (see [20]). Linearization and successive approximations
have been considered in [3,21] to give sufficient conditions on the kinematics pressure in order
to obtain regularity and uniqueness of the weak solutions to the micropolar fluid equations.
Recently, Loayza and Rojas-Medar [18] investigated regularity criteria for weak solutions of
the micropolar fluid equations in a bounded three-dimensional domain. For more details, one
can also refer [9–11, 15, 17, 26] and the reference cited therein.
The case of the exponent p 6= 2 (i.e. the non-Newtonian micropolar fluid or called the
micropolar fluid with shear dependent viscosities) is less studied. Araújo et al. [1] proved the
existence of weak solutions by using Galerkin and compactness arguments. Uniqueness and
periodicity of solutions are also considered. In [2], the author studied the long time behavior of
the two-dimensional flow for non-Newtonian micropolar fluids in bounded smooth domains,
in the sense of pullback attractors. They proved the existence and upper semicontinuity of the
pullback attractors with respect to the viscosity coefficient of the model.
In the present work, as we said previously, we are interested in the flow of micropolar
fluids with shear-dependent viscosities in a smooth domain Ω ⊆ R2. Under the conditions
that the external sources f , g and the vortex viscosity µr are small in a suitable sense, we
proved the existence and uniqueness of regularized solutions for the problem by using the
iterative method.
Throughout the paper, as usual, we denote by V = {v ∈ C∞0 (Ω); div v = 0} and the spaces
Vq(Ω) := the completion of V in the W1,q-norm,
for q = 2 we simply write V(Ω). We also denote by (Cm,γ(Ω¯), ‖ · ‖Cm,γ), m nonnegative integer
and γ ∈ (0, 1), the Hölder space with order m. By W−1,q′(Ω), q′ = qq−1 , the strong dual of
W1,q0 (Ω) with norm ‖ · ‖−1, q.
Next, we introduce the notions of solutions to (1.1)–(1.2).
Definition 1.1. Assume that f ∈ L2(Ω), g ∈ L2(Ω). We say that (u,w) is a pair of C1,γ(Ω¯)×
W1,2(Ω)-solution of problem (1.1)–(1.2). If u ∈ C1,γ(Ω¯), for some γ ∈ (0, 1), div u = 0,
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u|∂Ω = 0, w ∈ W1,20 (Ω) and it satisfies the following integral identity for ∀ϕ ∈ Vq(Ω) and
∀ψ ∈ C∞0 (Ω)∫
Ω
(u · ∇)uϕdx +
∫
Ω
(1+ |Du|)p−2DuDϕdx =
∫
Ω
µr rotwϕdx +
∫
Ω
f ϕdx, (1.3)∫
Ω
(u · ∇)wψdx +
∫
Ω
∇w∇ψdx +
∫
Ω
divwdivψdx +
∫
Ω
µrwψdx
=
∫
Ω
µr rot uψdx +
∫
Ω
gψdx. (1.4)
Remark 1.2. We observe that if u satisfies (1.3) then we can apply the theorem of de Rham
(see [25, Lemma 2.2.1]) to find a pressure η at least in L2(Ω) such that the pair (u, η) satisfies
the following integral identity for ∀ϕ ∈ C∞0 (Ω)∫
Ω
(u · ∇)uϕdx +
∫
Ω
(1+ |Du|)p−2DuDϕdx−
∫
Ω
η∇ · ϕdx =
∫
Ω
µrrotwϕdx +
∫
Ω
f ϕdx.
The validity of the reverse implication is obvious.In the sequel we shall refer to (u,w) or
(u, η,w) as solution of system (1.1)–(1.2) without distinction.
Our aim is to prove the following theorems.
Theorem 1.3. Assume that p ∈ (1, 2), q > 2,and let γ0 = 1− 2q . Let Ω be a domain of class C2, and
let be f ∈ Lq(Ω), g ∈ L2(Ω). If ‖ f‖q ≤ δ1, ‖g‖2 ≤ δ2, µr < δ3 where δ1, δ2, δ3 are positive constants
small in a suitable sense (see (3.2), (3.13), (3.16)), then there exist a unique C1,γ(Ω¯) ×W1,2(Ω)-
solution (u, η,w) of problem (1.1)–(1.2) such that
u ∈ C1,γ(Ω¯), η ∈ C0,γ(Ω¯), w ∈W2,2(Ω), ∀γ < γ0,
and
‖u‖C1,γ + ‖η‖C0,γ + ‖w‖2,2 ≤ 2(c˜0‖ f‖q + c0‖g‖2),
where c˜0, c0 are positive constants.
Theorem 1.4. In addition to the assumptions of Theorem 1.3, if q > 4 and ‖ f‖q, ‖g‖2, µr are suffi-
ciently small (see (4.4)), then there exists a solution (u, η,w) of problem (1.1)–(1.2) such that
u ∈W2,2(Ω) ∩ C1,γ(Ω¯), η ∈W1,2 ∩ C0,γ(Ω¯), w ∈W2,2(Ω), ∀γ < γ0.
The present work is organized as follows: in Section 2 we state preliminaries results that
will be used later in the paper. Section 3 is dedicated to give the proof of Theorem 1.3. More
precisely, in Section 3.1 we construct approximate solutions to the original nonlinear problem
by iterate scheme, then derive the uniform estimate for such approximate solutions. The
results are used in Section 3.2 to prove the convergence of the solutions. The existence and
uniqueness results are proved in Section 3.3 and Section 3.4 respectively. Finally, in Section 4,
we prove the regularity result (Theorem 1.4).
2 Preliminary lemmas
In this section, we recall the following useful results.
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Lemma 2.1 ([22]). For any q ≥ 1, there exists a constant c1 such that
‖v‖q + ‖∇v‖q ≤ c1‖Dv‖q, for each v ∈ Vq(Ω).
Hence the two quantities above are equivalent norms in Vq(Ω).
Lemma 2.2 ([19]). If a distribution g is such that ∇g ∈W−1,q(Ω), then g ∈ Lq(Ω) and
‖g‖Lq] ≤ C‖∇g‖−1,q,
where Lq] = L
q/R.
Lemma 2.3 ([5]). For any given real numbers ξ, η ≥ 0 and 1 < p < 2 the following inequality holds
true: ∣∣∣∣ 1(1+ ξ)2−p − 1(1+ η)2−p
∣∣∣∣ ≤ (2− p)|ξ − η|.
Lemma 2.4 ([8]). For an arbitrary tensor D, define S(D) ≡ (1+ |D|)p−2D, 1 < p < 2. Then there
exist a constant C such that, for any pair of tensors D1 and D2,
(S(D1)− S(D2)) · (D1 − D2) ≥ C |D1 − D2|
2
(1+ |D1|+ |D2|)2−p .
3 The proof of Theorem 1.3
As already stated, in order to prove Theorem 1.3 we use the method of successive approxima-
tions.
3.1 Approximating linear problems
We construct approximate solutions, inductively, as follows:
(i) first define u−1 = w−1 = 0, and
(ii) assuming that (um−1,wm−1) was defined for m ≥ 1, let um,wm be the unique solution to
the following boundary problems:
−div [(1+ |Dum−1|)p−2Dum] +∇ηm = µr rotwm−1 + f − (um−1 · ∇)um−1, in Ω,
div um = 0, in Ω,
−∆wm −∇divwm = µr rot um−1 − µrwm−1 + g − (um−1 · ∇)wm−1, in Ω,
um|∂Ω = 0, wm|∂Ω = 0.
(3.1)
The following result holds true.
Proposition 3.1. Assume that p ∈ (1, 2), q > 2 and let γ0 = 1− 2q . Let Ω be a domain of class C2,
and let be f ∈ Lq(Ω), g ∈ L2(Ω). Then, for any m ∈N there exists a weak solution (um, ηm,wm) of
problem (3.1) such that
um ∈ C1,γ0(Ω¯), ηm ∈ C0,γ0(Ω¯), wm ∈W2,2(Ω).
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Moreover, if f and g satisfy the assumption
c˜0‖ f‖q + c0‖g‖2 <
[
Cc˜0µr + (C + 1)c0µr − 1
]2
4(c˜0 + c0)
, (3.2)
where µr is properly small satisfying (3.13), then
‖um‖C1,γ0 + ‖ηm‖C0,γ0 + ‖wm‖2,2 ≤ 2(c˜0‖ f‖q + c0‖g‖2), uniformly in m ∈N. (3.3)
Proof. Setting Im = ‖um‖C1,γ0 + ‖ηm‖C0,γ0 + ‖wm‖2,2. Let be m = 0, first of all, we consider the
following boundary-value problem{
−∆w0 −∇divw0 = g, in Ω,
w0|∂Ω = 0,
where g ∈ L2(Ω). According to the theory of elliptic equation, we can find a solution w0 ∈
W2,2(Ω) and get
‖w0‖2,2 ≤ c0‖g‖2. (3.4)
Then we consider the following boundary-value problem
− 124u0 +∇η0 = f , in Ω,
div u0 = 0, in Ω,
u0|∂Ω = 0,
(3.5)
where f ∈ L2(Ω). We can find a solution (u0, η0) ∈ C1,γ0(Ω¯)× C0,γ0(Ω¯) (see [6, Theorem 3.2])
and
‖u0‖C1,γ0 + ‖η0‖C0,γ0 ≤ c˜(‖u0‖1,2 + ‖ f‖q) = c(‖u0‖1,2 + ‖ f‖q), (3.6)
where c > 1. By writing the definition of weak solution of (3.5)1 with the test function ϕ
replaced by u0 we get ∫
Ω
|Du0|2dx =
∫
Ω
f u0dx.
By Lemma 2.1 and the Hölder inequality, we have∫
Ω
|Du0|2dx = ‖Du0‖22 ≥
1
c21
‖u0‖21,2,∫
Ω
f u0dx ≤ ‖ f‖2‖u0‖2 ≤ ‖ f‖q‖u0‖1,2,
which obviously implies ‖u0‖1,2 ≤ c21‖ f‖q. So we can get from (3.4) and (3.6) that
I0 = ‖u0‖C1,γ0 + ‖η0‖C0,γ0 + ‖w0‖2,2 ≤ c(1+ c21)‖ f‖q + c0‖g‖2. (3.7)
Let be m ≥ 1, assuming that (um, ηm,wm) ∈ C1,γ0(Ω¯)×C0,γ0(Ω¯)×W2,2(Ω¯) is a solution of
(3.1). Firstly, we consider the following boundary-value problem{
−∆wm+1 −∇divwm+1 = µr rot um − µrwm + g − (um · ∇)wm, in Ω,
wm+1|∂Ω = 0,
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where g ∈ L2(Ω). Since the assumption implies that
‖(um · ∇)wm‖2 ≤ ‖um‖2‖∇wm‖2 ≤ ‖um‖C1,γ0‖wm‖2,2,
then µr rot um − µrwm + g − (um · ∇)wm belongs to L2(Ω). According to the theory of elliptic
equation, we can find a solution wm+1 ∈W2,2(Ω) and
‖wm+1‖2,2 ≤ c0(‖µr rot um‖2 + ‖µrwm‖2 + ‖g‖2 + ‖(um · ∇)wm‖2
≤ c0(Cµr‖um‖C1,γ0 + µr‖wm‖2,2 + ‖g‖2 + ‖um‖C1,γ0‖wm‖2,2).
(3.8)
Secondly, we consider the boundary-value problem
−div[(1+ |Dum|)p−2Dum+1] +∇ηm+1 = µr rotwm + f − (um · ∇)um, in Ω,
div um+1 = 0, in Ω,
um+1|∂Ω = 0,
(3.9)
where f ∈ Lq(Ω). Since the assumption implies that
‖µr rotwm‖q ≤ Cµr‖∇wm‖q ≤ Cµr‖wm‖2,2,
‖(um · ∇)um‖q ≤ ‖um‖∞‖∇um‖q ≤ ‖um‖2C1,γ0 ,
then µr rotwm + f − (um · ∇)um belongs to Lq(Ω). Then we can get a solution (um+1, ηm+1) ∈
C1,γ0(Ω¯)× C0,γ0(Ω¯) (see [6, Theorem 3.2]) such that
‖um+1‖C1,γ0 + ‖ηm+1‖C0,γ0
≤ c˜(‖um+1‖1,2 + ‖µr rotwm‖q + ‖ f‖q + ‖(um · ∇)um‖q)
≤ c(1+ ‖um‖C1,γ0 )r · (‖um+1‖1,2 + Cµr‖wm‖2,2 + ‖ f‖q + ‖um‖2C1,γ0 ),
(3.10)
where the exponent r is a real number greater than 2.
By writing the definition of weak solution of (3.9)1 with the test function ϕ replaced by
um+1 we get∫
Ω
(1+ |Dum|)p−2|Dum+1|2dx =
∫
Ω
µr rotwmum+1dx +
∫
Ω
f um+1dx−
∫
Ω
(um · ∇)umum+1dx.
Since 1 < p < 2, by Lemma 2.1 and the Hölder inequality, there follows∫
Ω
(1+ |Dum|)p−2|Dum+1|2dx ≥ (1+ ‖Dum‖∞)p−2‖Dum+1‖22
≥ 1
c21
(1+ ‖um‖C1,γ0 )p−2‖um+1‖21,2,
∣∣∣∣ ∫Ω µr rotwmum+1dx +
∫
Ω
f um+1dx−
∫
Ω
(um · ∇)umum+1dx
∣∣∣∣
≤ ‖µr rotwm‖2‖um+1‖2 + ‖ f‖2‖um+1‖2 + ‖(um · ∇)um‖2‖um+1‖2
≤ Cµr‖wm‖2,2‖um+1‖1,2 + ‖ f‖q‖um+1‖1,2 + ‖um‖2C1,γ0‖um+1‖1,2,
which implies
‖um+1‖1,2 ≤ c21(1+ ‖um‖C1,γ0 )2−p(Cµr‖wm‖2,2 + ‖ f‖q + ‖um‖2C1,γ0 ). (3.11)
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Combining (3.8), (3.10) and (3.11), we obtain
Im+1 = ‖um+1‖C1,γ0 + ‖ηm+1‖C0,γ0 + ‖wm+1‖2,2
≤ c(1+ c21)(1+ ‖um‖C1,γ0 )r+2−p(Cµr‖wm‖2,2 + ‖ f‖q + ‖um‖2C1,γ0 )
+ c0(Cµr‖um‖C1,γ0 + µr‖wm‖2,2 + ‖g‖2 + ‖um‖C1,γ0‖wm‖2,2)
≤ c(1+ c21)(1+ Im)r+2−p(Cµr Im + ‖ f‖q + I2m) + c0
[
(C + 1)µr Im + ‖g‖2 + I2m
]
.
(3.12)
We shall prove the boundedness of the sequence {Im} by a fixed point argument. Setting,
for any t ≥ 0
ψ(t) = c(1+ c21)(1+ t)
r+2−p(Cµrt + ‖ f‖q + t2) + c0[(C + 1)µrt + ‖g‖2 + t2]− t.
We look for a root of ψ(t). Let us observe that if 0 ≤ t ≤ 1, then
ψ(t) ≤ c(1+ c21)2r+2−p(Cµrt + ‖ f‖q + t2) + c0[(C + 1)µrt + ‖g‖2 + t2]− t
=
[
c(1+ c21)2
r+2−p + c0
]
t2 +
[
Cc(1+ c21)2
r+2−pµr + (C + 1)c0µr − 1
]
t
+ c(1+ c21)2
r+2−p‖ f‖q + c0‖g‖2.
Define
h(t) =
[
c(1+ c21)2
r+2−p + c0
]
t2 +
[
Cc(1+ c21)2
r+2−pµr + (C + 1)c0µr − 1
]
t
+ c(1+ c21)2
r+2−p‖ f‖q + c0‖g‖2,
we note that if
µr ≤ 1Cc(1+ c21)2r+2−p + (C + 1)c0
, (3.13)
then the function h(t) has two positive roots s1 < s2, if and only if the discriminant ∆ > 0,
namely
c(1+ c21)2
r+2−p‖ f‖q + c0‖g‖2 < [Cc(1+ c
2
1)2
r+2−pµr + (C + 1)c0µr − 1]2
4[c(1+ c21)2
r+2−p + c0]
,
and we have that
0 < s1 =
1− Cc(1+ c21)2r+2−pµr − (C + 1)c0µr −
√
∆
2[c(1+ c21)2
r+2−p + c0]
< 1.
Since c > 1 and consequently 2[c(1 + c21)2
r+2−p + c0] > 1. Since ψ(0) > 0 and ψ(t) ≤ h(t),
when t ∈ [0, 1], there exists t1, with 0 < t1 < s1 such that ψ(t1) = 0, i.e.
c(1+ c21)(1+ t1)
r+2−p(Cµrt1 + ‖ f‖q + t21) + c0[(C + 1)µrt1 + ‖g‖2 + t21]− t1 = 0.
Since t1 > 0, it follows that c(1 + c21)‖ f‖q + c0‖g‖2 − t1 ≤ 0, recalling (3.7), we get t1 ≥
c(1+ c21)‖ f‖q + c0‖g‖2 ≥ I0. If we suppose that Im ≤ t1, by inequality (3.12) and the fact that
ψ(t1) = 0 we obtain
Im+1 ≤ c(1+ c21)(1+ Im)r+2−p[Cµr Im + ‖ f‖q + I2m] + c0
[
(C + 1)µr Im + ‖g‖2 + I2m
]
≤ c(1+ c21)(1+ t1)r+2−p(Cµrt1 + ‖ f‖q + t21) + c0
[
(C + 1)µrt1 + ‖g‖2 + t21
]
= ψ(t1) + t1
= t1,
which proves our claim. Therefore
Im ≤ t1 < s1 < c(1+ c21)2r+3−p‖ f‖q + 2c0‖g‖2 ≤ 1, ∀m ∈N.
Let c˜0 = c(1+ c21)2
r+2−p, we can get Im ≤ 2(c˜0‖ f‖q + c0‖g‖2).
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3.2 Convergence of approximate solutions
For any j ∈ N, set Pj+1 = uj+1 − uj, Qj+1 = η j+1 − η j, Rj+1 = wj+1 −wj. Taking m = j and
j + 1, respectively, in the weak formula of (3.1)1 , then subtracting one from the other, we can
get for ∀ϕ ∈ C∞0 (Ω)∫
Ω
(1+ |Duj|)p−2Duj+1Dϕdx =
∫
Ω
(1+ |Duj−1|)p−2DujDϕdx
+
∫
Ω
µr rotRjϕdx−
∫
Ω
(Pj · ∇)ujϕdx
−
∫
Ω
(uj−1 · ∇Pϕdx +
∫
Ω
Qj+1 div ϕdx.
Next, by subtracting
∫
Ω(1+ |Duj|)p−2DujDϕdx from both sides of the above equality, we
could obtain∫
Ω
(1+ |Duj|)p−2DPj+1Dϕdx =
∫
Ω
[(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]DujDϕdx
+
∫
Ω
µr rotRjϕdx−
∫
Ω
(Pj · ∇)ujϕdx
−
∫
Ω
(uj−1 · ∇)Pjϕdx +
∫
Ω
Qj+1 div ϕdx.
(3.14)
This identity, by a continuity argument, still holds with ϕ ∈ V(Ω), in which case the last term
of (3.14) vanishes. Here, we recall that uj−1 = wj−1 = 0 for j = 0 and then P0 = u0,R0 = w0.
Similarly, by taking m = j and j + 1, respectively, in the weak formula of (3.1)3, then
subtracting one from the other, we can get for ∀ψ ∈ H10(Ω)∫
Ω
divRj+1 divψdx +
∫
Ω
∇Rj+1∇ψdx =
∫
Ω
µr rotPjψdx−
∫
Ω
µrRjψdx
−
∫
Ω
(Pj · ∇)wjψdx−
∫
Ω
(uj−1 · ∇)Rjψdx.
(3.15)
Proposition 3.2. Assume that all the assumptions of Proposition 3.1 are satisfied and let {um}, {ηm}
and {wm} be the corresponding sequence. Then, if(
1+ 2c˜0‖ f‖q + 2c0‖g‖2
)2−p
·
[
(2− p + 2c21 + Cc1 + C) · (2c˜0‖ f‖q + 2c0‖g‖2) + C(c1 + 1)µr
]
< 1,
(3.16)
with c˜0 and c0 given by Proposition 3.1, the series ∑m Pm converges to a function P in W1,2(Ω), the
series ∑m Qm converges to a function Q in L2(Ω), the series ∑m Rm converges to a function R in
W1,2(Ω).
Proof. First, let us verify that the following estimates hold:
(a)
‖DP1‖2 + ‖R1‖1,2 ≤ (2c˜0‖ f‖q + 2c0‖g‖2) · (1+ 2c˜0‖ f‖q + 2c0‖g‖2)2−p
· [(2− p + c1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + Cµr(1+ c1)];
(b) if, for j ≥ 1, it holds that
‖DPj‖2 + ‖Rj‖1,2
≤ (2c˜0‖ f‖q + 2c0‖g‖2) · (2− p + c1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + Cµr(1+ c1)
(2− p + 2c21 + Cc1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + C(c1 + 1)µr
·
{
(1+2c˜0‖ f‖q+2c0‖g‖2)2−p
[
(2−p+2c21+Cc1+C)(2c˜0‖ f‖q+2c0‖g‖2)+C(c1+1)µr
]}j
,
Micropolar fluids with shear dependent viscosities 9
then
‖DPj+1‖2 + ‖Rj+1‖1,2 (3.17)
≤ (2c˜0‖ f‖q + 2c0‖g‖2) (2− p + c1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + Cµr(1+ c1)
(2− p + 2c21 + Cc1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + C(c1 + 1)µr
·
{
(1+2c˜0‖ f‖q+2c0‖g‖2)2−p
[
(2− p+2c21+Cc1+C)(2c˜0‖ f‖q+2c0‖g‖2)+C(c1+1)µr
]}j+1
.
By the above arguments, setting j = 0 and testing with P1 in (3.14), we get∫
Ω
(1+ |Du0|)p−2|DP1|2dx
=
∫
Ω
[1− (1+ |Du0|)p−2]Du0DP1dx +
∫
Ω
µr rotw0P1dx−
∫
Ω
(u0 · ∇)u0P1dx.
Since p < 2, then∫
Ω
(1+ |Du0|)p−2|DP1|2dx ≥ (1+ ‖Du0‖∞)p−2‖DP1‖22 ≥ (1+ ‖u0‖C1,γ0 )p−2‖DP1‖22,
by using the Hölder inequality, Lemma 2.3 and Lemma 2.1 we get∣∣∣∣ ∫Ω[1− (1+ |Du0|)p−2]Du0DP1dx +
∫
Ω
µr rotw0P1dx−
∫
Ω
(u0 · ∇)u0P1dx
∣∣∣∣
≤ (2− p)‖Du0‖2‖Du0‖∞‖DP1‖2 + ‖µr rotw0‖2‖P1‖2 + ‖(u0 · ∇)u0‖2‖P1‖2
≤ (2− p)‖u0‖2C1,γ0‖DP1‖2 + Cc1µr‖w0‖1,2‖DP1‖2 + c1‖u0‖2C1,γ0‖DP1‖2,
hence
‖DP1‖2 ≤ (1+ ‖u0‖C1,γ0 )2−p ·
[
(2− p)‖u0‖2C1,γ0 + Cc1µr‖w0‖1,2 + c1‖u0‖2C1,γ0
]
. (3.18)
Nextly, setting j = 0 and testing with R1 in (3.15), we get∫
Ω
|divR1|2dx +
∫
Ω
|∇R1|2dx =
∫
Ω
µr rot u0R1dx−
∫
Ω
µrw0R1dx−
∫
Ω
(u0 · ∇)w0R1dx,
by the Hölder inequality and Lemma 2.1 we get∫
Ω
|divR1|2dx +
∫
Ω
|∇R1|2dx ≥ C‖R1‖21,2,
and ∣∣∣∣ ∫Ω µr rot u0R1dx−
∫
Ω
µrw0R1dx−
∫
Ω
(u0 · ∇)w0R1dx
∣∣∣∣
≤ ‖µr rot u0‖2‖R1‖2 + ‖µrw0‖2‖R1‖2 + ‖(u0 · ∇)w0‖2‖R1‖2
≤ Cµr‖u0‖C1,γ0‖R1‖1,2 + µr‖w0‖2,2‖R1‖1,2 + ‖u0‖C1,γ0‖w0‖2,2‖R1‖1,2,
hence
‖R1‖1,2 ≤ Cµr‖u0‖C1,γ0 + Cµr‖w0‖2,2 + C‖u0‖C1,γ0‖w0‖2,2. (3.19)
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Combining (3.18) (3.19) and by using estimate (3.3), we obtain
‖DP1‖2 + ‖R1‖1,2 ≤ (1+ ‖u0‖C1,γ0 )2−p ·
[
(2− p + c1)‖u0‖2C1,γ0 + Cc1µr‖w0‖1,2
]
+ Cµr‖u0‖C1,γ0 + Cµr‖w0‖2,2 + C‖u0‖C1,γ0‖w0‖2,2
≤ (1+ 2c˜0‖ f‖q + 2c0‖g‖2)2−p ·
[
(2− p + c1 + C)(2c˜0‖ f‖q + 2c0‖g‖2)
+ Cµr(1+ c1)
]
(2c˜0‖ f‖q + 2c0‖g‖2).
We arrive at (a).
Let us pass to estimate (b). Assume that the hypothesis in (b) holds. As for (a), by setting
j ≥ 1 and ϕ = Pj+1 ∈ V(Ω) in (3.14), we get∫
Ω
(1+ |Duj|)p−2|DPj+1|2dx
=
∫
Ω
[
(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]DujDPj+1dx
+
∫
Ω
µr rotRjPj+1dx−
∫
Ω
(Pj · ∇)ujPj+1dx−
∫
Ω
(uj−1 · ∇)PjPj+1dx.
Since p < 2, we get∫
Ω
(1+ |Duj|)p−2|DPj+1|2dx ≥ (1+ ‖Duj‖∞)p−2‖DPj+1‖22
≥ (1+ ‖uj‖C1,γ0 )p−2‖DPj+1‖22,
then the Hölder inequality , Lemma 2.3 and Lemma 2.1 yield that∣∣∣∣ ∫Ω[(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]DujDPj+1dx
∣∣∣∣
≤ (2− p)‖DPj‖2‖Duj‖∞‖DPj+1‖2
≤ (2− p)‖DPj‖2‖uj‖C1,γ0‖DPj+1‖2,
∣∣∣∣ ∫Ω µr rotRjPj+1dx−
∫
Ω
(Pj · ∇)ujPj+1dx−
∫
Ω
(uj−1 · ∇)PjPj+1dx
∣∣∣∣
≤ ‖µr rotRj‖2‖Pj+1‖2 + ‖(Pj · ∇)uj‖2‖Pj+1‖2 + ‖(uj−1 · ∇)Pj‖2‖Pj+1‖2
≤ Cc1µr‖Rj‖1,2‖DPj+1‖2 + c21‖DPj‖2‖uj‖C1,γ0‖DPj+1‖2
+ c21‖uj−1‖C1,γ0‖DPj‖2‖DPj+1‖2,
hence
‖DPj+1‖2 ≤ (1+ ‖uj‖C1,γ0 )2−p ·
[
(2− p)‖DPj‖2‖uj‖C1,γ0
+ Cc1µr‖Rj‖1,2 + c21‖DPj‖2‖uj‖C1,γ0 + c21‖uj−1‖C1,γ0‖DPj‖2
]
.
(3.20)
Then setting j ≥ 1 and testing with Rj+1 in (3.15), we get∫
Ω
|divRj+1|2dx +
∫
Ω
|∇Rj+1|2dx =
∫
Ω
µr rotPjRj+1dx−
∫
Ω
µrRjRj+1dx
−
∫
Ω
(Pj · ∇)wjRj+1dx−
∫
Ω
(uj−1 · ∇)RjRj+1dx,
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by using the Hölder inequality and Lemma 2.1 we get∫
Ω
|divRj+1|2dx +
∫
Ω
|∇Rj+1|2dx ≥ C‖Rj+1‖21,2,
and ∣∣∣∣ ∫Ω µr rotPjRj+1dx−
∫
Ω
µrRjRj+1dx−
∫
Ω
(Pj · ∇)wjRj+1dx−
∫
Ω
(uj−1 · ∇)RjRj+1dx
∣∣∣∣
≤ ‖µr rotPj‖2‖Rj+1‖2 + ‖µrRj‖2‖Rj+1‖2 + ‖Pj‖2‖∇wj‖∞‖Rj+1‖2
+ ‖(uj−1 · ∇)Rj‖2‖Rj+1‖2
≤ Cc1µr‖DPj‖2‖Rj+1‖1,2 + µr‖Rj‖1,2‖Rj+1‖1,2 + Cc1‖DPj‖2‖wj‖2,2‖Rj+1‖1,2
+ ‖uj−1‖C1,γ0‖Rj‖1,2‖Rj+1‖1,2,
hence
‖Rj+1‖1,2 ≤ Cc1µr‖DPj‖2 + Cµr‖Rj‖1,2 + Cc1‖DPj‖2‖wj‖2,2 + C‖uj−1‖C1,γ0‖Rj‖1,2. (3.21)
Combining (3.20) and (3.21) and appealing to (3.3), we get
‖DPj+1‖2 + ‖Rj+1‖1,2
≤ (1+ ‖uj‖C1,γ0 )2−p ·
[
(2− p)‖DPj‖2‖uj‖C1,γ0 + Cc1µr‖Rj‖1,2 + c21‖DPj‖2‖uj‖C1,γ0
+ c21‖uj−1‖C1,γ0‖DPj‖2
]
+ Cc1µr‖DPj‖2 + Cµr‖Rj‖1,2 + Cc1‖DPj‖2‖wj‖2,2
+ C‖uj−1‖C1,γ0‖Rj‖1,2
≤ [(1+ ‖uj‖C1,γ0 )2−p((2− p)‖uj‖C1,γ0 + c21‖uj‖C1,γ0 + c21‖uj−1‖C1,γ0 ) + Cc1µr
+ Cc1‖wj‖2,2
] · ‖DPj‖2 + [Cc1µr(1+ ‖uj‖C1,γ0 )2−p + Cµr + C‖uj−1‖C1,γ0 ] · ‖Rj‖1,2
≤ (1+ 2c˜0‖ f‖q + 2c0‖g‖2)2−p
[
(2− p + 2c21 + Cc1 + C)(2c˜0‖ f‖q + 2c0‖g‖2) + C(c1 + 1)µr
]
· (‖DPj‖2 + ‖Rj‖1,2),
which gives (3.17) via the hypothesis in (b). Therefore, by induction, (3.17) holds for any given
j ∈N.
By the assumption (3.16), the series ∑j(‖DPj‖2 + ‖Rj‖1,2) converges. Since ∑j ‖DPj‖2
and ∑j ‖Rj‖1,2 are positive series, both ∑j ‖DPj‖2 and ∑j ‖Rj‖1,2 converge. Therefore, by the
completeness of W1,2(Ω) there follows the convergence of the series ∑j Pj(x) and ∑j Rj(x) in
the norm ‖ · ‖1,2 to a function P(x) ∈W1,2(Ω) and R(x) ∈W1,2(Ω) respectively.
By (3.14) the following identity holds in the distributional sense
∇Qj+1 = ∇ · [(1+ |Duj|)p−2DPj+1]−∇ · {[(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]Duj}
+ µr rotRj − (Pj · ∇)uj − (uj−1 · ∇)Pj.
In order to get estimates on the L2-norm of Qj+1, by Lemma 2.2 it is sufficient to estimate the
W−1,2-norm of the right-hand side of the previous equations. The first term can be estimated
as follows
‖∇ · [(1+ |Duj|)p−2DPj+1]‖−1,2 ≤ ‖(1+ |Duj|)p−2DPj+1‖2 ≤ ‖DPj+1‖2.
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For the second one, we have∥∥∇ · {[(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]Duj}∥∥−1,2
≤ ∥∥[(1+ |Duj−1|)p−2 − (1+ |Duj|)p−2]Duj∥∥2
≤ (2− p)‖DPj‖2‖Duj‖2
≤ (2− p)‖DPj‖2‖uj‖C1,γ0 .
Finally, using Lemma 2.1
‖µr rotRj − (Pj · ∇)uj − (uj−1 · ∇)Pj‖−1,2
≤ ‖µr rotRj − (Pj · ∇)uj − (uj−1 · ∇)Pj‖2
≤ ‖µr rotRj‖2 + ‖(Pj · ∇)uj‖2 + ‖(uj−1 · ∇)Pj‖2
≤ Cµr‖Rj‖1,2 + c1‖DPj‖2‖uj‖C1,γ0 + c1‖uj−1‖C1,γ0‖DPj‖2.
Combining all these above and taking into account estimates (3.17) and (3.3), straightforward
calculations lead to
‖Qj+1‖2 ≤ C‖∇Qj+1‖−1,2
≤ C[‖DPj+1‖2 + (2− p)‖DPj‖2‖uj‖C1,γ0 + Cµr‖Rj‖1,2 + c1‖DPj‖2‖uj‖C1,γ0
+ c1‖uj−1‖C1,γ0‖DPj‖2
]
≤ C[(2− p + 2c1 + 2c21)(2c˜0‖ f‖q + 2c0‖g‖2) + C(c1 + 1)µr]
· (1+ 2c˜0‖ f‖q + 2c0‖g‖2)2−p · (‖DPj‖2 + ‖Rj‖1,2).
Hence, using again the bound (3.16), we can state that there exists a function Q(x) ∈ L2(Ω)
to which the series ∑j Qj(x) converges in the L2-norm.
3.3 Existence results
Set ‖ f‖q ≤ δ1, ‖g‖2 ≤ δ2, µr < δ3, where δ1, δ2, δ3 are small enough to meet the requirements of
Proposition 3.1 and Proposition 3.2, where δ3 = min{ 1Cc˜0+c0(C+1) , 1C(1+c1)}. Since the sequences
{um}, {ηm}, {wm} constructed in Proposition 3.1 satisfy the following relations
um(x) =
m
∑
j=1
Pj(x) + u0(x), ηm(x) =
m
∑
j=1
Qj(x) + η0(x), wm(x) =
m
∑
j=1
Rj(x) +w0(x),
setting u(x) = P(x) + u0(x), η(x) = Q(x) + η0(x), w(x) = R(x) +w0(x) with P(x), Q(x)
and R(x) as in Proposition 3.2, the sequences {um(x)}, {ηm(x)} and {wm(x)} converge to
the functions u(x), η(x) and w(x) respectively in the W1,2, L2 and W1,2−norms. On the other
hand, recalling Proposition 3.1, by Arzelà–Ascoli theorem, there exists a subsequence {ukm}
converging in C1,γ(Ω¯), hence in W1,2(Ω), to a function u˜. Since all the sequence {um} con-
verges to u in W1,2(Ω), then u = u˜. In the same way one can prove that η ∈ C0,γ(Ω¯) and
w ∈ W2,2(Ω). Since ∇ · ukm = 0, ukm |∂Ω = 0 and wkm |∂Ω = 0, for any m ∈ N, it follows that
∇ · u = 0, u|∂Ω = 0 and w|∂Ω = 0.
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Let us prove that∫
Ω
(1+ |Du|)p−2DuDϕdx +
∫
Ω
(u · ∇)uϕdx−
∫
Ω
η div ϕdx−
∫
Ω
µr rotwϕdx
= lim
m→∞
{ ∫
Ω
(1+ |Dum−1|)p−2DumDϕdx +
∫
Ω
(um−1 · ∇)um−1ϕdx
−
∫
Ω
ηm div ϕdx−
∫
Ω
µr rotwm−1ϕdx
}
, for all ϕ ∈ C∞0 (Ω),
(3.22)
and∫
Ω
divwdivψdx +
∫
Ω
∇w∇ψdx +
∫
Ω
(u · ∇)wψdx−
∫
Ω
µr rot uψdx +
∫
Ω
µrwψdx
= lim
m→∞
{ ∫
Ω
divwm divψdx +
∫
Ω
∇wm∇ψdx +
∫
Ω
(um−1 · ∇)wm−1ψdx
−
∫
Ω
µr rot um−1ψdx +
∫
Ω
µrwm−1ψdx
}
, for all ψ ∈ C∞0 (Ω).
(3.23)
Firstly, by using the Hölder inequality we get∣∣∣∣ ∫Ω(1+ |Dum−1|)p−2DumDϕdx−
∫
Ω
(1+ |Du|)p−2DuDϕdx
∣∣∣∣
=
∣∣∣∣ ∫Ω(1+ |Dum−1|)p−2(Dum −Du)Dϕdx
+
∫
Ω
[(1+ |Dum−1|)p−2 − (1+ |Du|)p−2]DuDϕdx
∣∣∣∣
≤ ‖Dum −Du‖2‖Dϕ‖2 + (2− p)‖Dum−1 −Du‖2‖Du‖2‖Dϕ‖∞,
∣∣∣∣ ∫Ω(um−1 · ∇)um−1ϕdx−
∫
Ω
(u · ∇)uϕdx
∣∣∣
=
∣∣∣∣ ∫Ω[(um−1 − u) · ∇]um−1ϕdx +
∫
Ω
(u · ∇)(um−1 − u)ϕdx
∣∣∣∣
≤ ‖um−1 − u‖2‖∇um−1‖2‖ϕ‖∞ + ‖u‖2‖∇um−1 −∇u‖2‖ϕ‖∞,
∣∣∣∣ ∫Ω ηm div ϕdx−
∫
Ω
η div ϕdx
∣∣∣∣ = ∣∣∣∣ ∫Ω(ηm − η)div ϕdx
∣∣∣∣ ≤ ‖ηm − η‖2‖div ϕ‖2,
∣∣∣ ∫
Ω
µr rotwm−1ϕdx−
∫
Ω
µr rotwϕdx
∣∣∣ ≤ µr‖ rotwm−1 − rotw‖2‖ϕ‖2
≤ Cµr‖∇wm−1 −∇w‖2‖ϕ‖2,
and such quantities tend to zero as m goes to infinity, thanks to the W1,2 convergence of
um, wm, the L2 convergence of ηm and the boundedness of the norms ‖Du‖2, ‖Dϕ‖∞, ‖Dϕ‖2,
‖∇um−1‖2, ‖ϕ‖∞, ‖u‖2, ‖ϕ‖2. Observing that the right-hand side of (3.22) is equal to
∫
Ω f ϕdx,
we have that∫
Ω
(u · ∇)uϕdx +
∫
Ω
(1+ |Du|)p−2DuDϕdx−
∫
Ω
η∇ · ϕdx =
∫
Ω
µr rotwϕdx +
∫
Ω
f ϕdx,
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for any ϕ ∈ C∞0 (Ω).
Secondly, we have∣∣∣∣ ∫Ω divwm divψdx +
∫
Ω
∇wm∇ψdx−
∫
Ω
divwdivψdx−
∫
Ω
∇w∇ψdx
∣∣∣∣
=
∣∣∣∣ ∫Ω(divwm − divw)divψdx +
∫
Ω
(∇wm −∇w)∇ψdx
∣∣∣∣
≤ C‖∇wm −∇w‖2‖∇ψ‖2 + ‖∇wm −∇w‖2‖∇ψ‖2,∣∣∣∣ ∫Ω(um−1 · ∇)wm−1ψdx−
∫
Ω
(u · ∇)wψdx
∣∣∣∣
=
∣∣∣∣ ∫Ω[(um−1 − u) · ∇]wm−1ψdx +
∫
Ω
(u · ∇)(wm−1 −w)ψdx
∣∣∣∣
≤ ‖um−1 − u‖2‖∇wm−1‖2‖ψ‖∞ + ‖u‖2‖∇wm−1 −∇w‖2‖ψ‖∞,∣∣∣∣ ∫Ω µr rot um−1ψdx−
∫
Ω
µr rot uψdx
∣∣∣∣ ≤ µr‖ rot um−1 − rot u‖2‖ϕ‖2
≤ Cµr‖∇um−1 −∇u‖2‖ϕ‖2,∣∣∣∣ ∫Ω µrwm−1ψdx−
∫
Ω
µrwψdx
∣∣∣∣ ≤ µr‖wm−1 −w‖2‖ϕ‖2
≤ µr‖wm−1 −w‖2,2‖ϕ‖2.
Similarly as above, we get∫
Ω
(u · ∇)wψdx +
∫
Ω
divwdivψdx +
∫
Ω
∇w∇ψdx +
∫
Ω
µrwψdx =
∫
Ω
µr rot uψdx +
∫
Ω
gψdx,
for any ψ ∈ C∞0 (Ω). By Definition 1.1 and Remark 1.2, we know (u, η,w) is a solution of
problem (1.1)–(1.2).
Finally, passing to the limit in the following estimate and by the lower semi-continuity of
the norms, we get
‖u‖C1,γ + ‖η‖C0,γ + ‖w‖2,2 ≤ ‖u− ukm‖C1,γ + ‖ukm‖C1,γ + ‖η − ηkm‖C0,γ + ‖ηkm‖C0,γ + ‖wkm‖2,2
≤ 2(c˜0‖ f‖q + c0‖g‖2).
3.4 Uniqueness results
Assume that (u1,w1) and (u2,w2) are two solutions of problem (1.1)–(1.2). Let u¯ = u1 −
u2, w¯ = w1 −w2. Using Definition 1.1, we bring (u1,w1), (u2,w2) into (1.3) and subtract one
from the other, then test with ϕ= u¯ = u1 − u2 ∈ Vq(Ω), we get∫
Ω
[
S(Du1)− S(Du2)
] · (Du1 −Du2)dx = ∫
Ω
µr rot w¯u¯dx +
∫
Ω
(u¯ · ∇)u¯u1dx.
Using the Hölder inequality, we can write
‖Du¯‖pp =
∫
Ω
( |Du¯|2
(1+ |Du1|+ |Du2|)2−p
) p
2
· (1+ |Du1|+ |Du2|) p(2−p)2 dx
≤
( ∫
Ω
|Du¯|2
(1+ |Du1|+ |Du2|)2−p dx
) p
2
·
[ ∫
Ω
(1+ |Du1|+ |Du2|)pdx
] 2−p
2
.
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Hence, recalling Lemma 2.4, we obtain
‖Du¯‖2p ≤
∫
Ω
|Du¯|2
(1+ |Du1|+ |Du2|)2−p dx ·
[ ∫
Ω
(1+ |Du1|+ |Du2|)pdx
] 2−p
p
≤ C
( ∫
Ω
(
S(Du1)− S(Du2)
) · (Du1 −Du2)dx) ·(1+ ‖Du1‖2−pp + ‖Du2‖2−pp )
≤ C
( ∫
Ω
µr rot w¯u¯dx +
∫
Ω
(u¯ · ∇)u¯u1dx
)
· (1+ ‖Du1‖p + ‖Du2‖p).
Using Hölder’s and Sobolev’s inequality, we have∣∣∣∣ ∫Ω µr rot w¯u¯dx +
∫
Ω
(u¯ · ∇)u¯u1dx
∣∣∣∣ ≤ ‖µr rot w¯‖ 2p3p−2 ‖u¯‖ 2p2−p + C‖∇u1‖ p2p−2 ‖u¯‖22p2−p
≤ Cµr‖w¯‖1,2‖Du¯‖p + C‖u1‖C1,γ0‖Du¯‖2p.
So we get
‖Du¯‖p ≤ C
(
µr‖w¯‖1,2 + ‖u1‖C1,γ0‖Du¯‖p
) · (1+ ‖Du1‖p + ‖Du2‖p). (3.24)
Inserting (u1,w1), (u2,w2) into (1.4) and subtract one from the other, then test with ψ =
w¯ = w1 −w2 ∈W1,2(Ω), we get∫
Ω
|div w¯|2dx +
∫
Ω
|∇w¯|2dx =
∫
Ω
µr rot u¯w¯dx−
∫
Ω
µr|w¯|2dx−
∫
Ω
(u¯ · ∇)w1w¯dx
−
∫
Ω
(u2 · ∇)w¯w¯dx.
Since ∫
Ω
|div w¯|2dx +
∫
Ω
|∇w¯|2dx ≥ C‖w¯‖21,2,
and∣∣∣ ∫
Ω
µr rotu¯w¯dx−
∫
Ω
µr|w¯|2dx−
∫
Ω
(u¯ · ∇)w1w¯dx−
∫
Ω
(u2 · ∇)w¯w¯dx
∣∣∣
≤‖µr rot u¯‖p‖w¯‖ p
p−1
+ µr‖w¯‖22 + ‖u¯‖ 2p
2−p
‖∇w1‖ 2p
3p−2
‖w¯‖∞ + ‖u2‖∞‖∇w¯‖2‖w¯‖2
≤Cµr‖Du¯‖p‖w¯‖1,2 + µr‖w¯‖21,2 + C‖Du¯‖p‖w1‖2,2‖w¯‖1,2 + ‖u2‖C1,γ0‖w¯‖21,2,
we get
‖w¯‖1,2 ≤ Cµr‖Du¯‖p + Cµr‖w¯‖1,2 + C‖Du¯‖p‖w1‖2,2 + C‖u2‖C1,γ0‖w¯‖1,2. (3.25)
Combining (3.24) and (3.25), we finally obtain
‖Du¯‖p + ‖w¯‖1,2 ≤
[
C‖u1‖C1,γ0 (1+ ‖Du1‖p + ‖Du2‖p) + Cµr + C‖w1‖2,2
] · ‖Du¯‖p
+
[
Cµr(1+ ‖Du1‖p + ‖Du2‖p) + Cµr + C‖u2‖C1,γ0
] · ‖w¯‖1,2
≤ C(2c˜0‖ f‖q + 2c0‖g‖2 + µr) · (1+ 4c˜0‖ f‖q + 4c0‖g‖2) · (‖Du¯‖p + ‖w¯‖1,2).
So if 2c˜0‖ f‖q + 2c0‖g‖2 + µr is sufficiently small, the uniqueness follows.
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4 Proof of Theorem 1.4
Throughout the proof we assume that ‖ f‖q ≤ δ1, ‖g‖2 ≤ δ2, µr < δ3, in this way all the
hypotheses of Theorem 3.1 are satisfied and we can find the sequences {um}, {ηm}, {wm},
as in Proposition 3.2, converging to the solution (u, η,w). In order to get D2u ∈ L2(Ω) we
proceed by induction on m. Firstly, we have (see [5, Theorem 3.2])
‖u0‖2,2 + ‖η0‖1,2 ≤ c˜1(‖u0‖1,2 + ‖ f‖2).
Since ‖u0‖1,2 ≤ c21‖ f‖2, there follows ‖u0‖2,2 + ‖η0‖1,2 ≤ c˜1(1 + c21)‖ f‖2, it implies that
‖D2u0‖2 ≤ c˜1(1 + c21)‖ f‖2. We assume that D2um ∈ L2(Ω) and we go forward with the
step m + 1. Let us consider the following boundary-value problem
−div[(1+ Jε(|Dum|))p−2Dum+1ε ]+∇ηm+1ε = µr rotwm + f − (um · ∇)um, in Ω,
div um+1ε = 0, in Ω,
um+1ε |∂Ω = 0,
(4.1)
where Jε denotes the Friedrichs mollifier. Since µr rotwm + f − (um · ∇)um ∈ Lq(Ω), then, as
in (3.10), there exists a solution (um+1ε , ηm+1ε ) ∈ C1,γ0(Ω¯)× C0,γ0(Ω¯) and satisfies
‖um+1ε ‖C1,γ0 + ‖ηm+1ε ‖C0,γ0
≤ c(1+ ‖Jε(|Dum|)‖C0,γ0 )r · (‖um+1ε ‖1,2 + ‖µr rotwm‖q + ‖ f‖q + ‖(um · ∇)um‖q).
Since
‖um+1ε ‖1,2 ≤ c21
(
1+ ‖Jε(|Dum|)‖C0,γ0
)2−p · (Cµr‖wm‖2,2 + ‖ f‖q + ‖um‖2C1,γ0 ),
‖Jε(|Dum|)‖C0,γ0 ≤ ‖Dum‖C0,γ0 ≤ ‖um‖C1,γ0 ,
there follows
‖um+1ε ‖C1,γ0 + ‖ηm+1ε ‖C0,γ0
≤ c(1+ c21)
(
1+ ‖um‖C1,γ0
)r+2−p · (Cµr‖wm‖2,2 + ‖ f‖q + ‖um‖2C1,γ0 )
≤ c(1+ c21)
(
1+ 2c˜0‖ f‖q + 2c0‖g‖2
)r+2−p · [Cµr(2c˜0‖ f‖q + 2c0‖g‖2)
+ ‖ f‖q + (2c˜0‖ f‖q + 2c0‖g‖2)2
]
.
(4.2)
Further, by Theorem 3.2 in [5], we have (um+1ε , ηm+1ε ) ∈ W2,2(Ω)×W1,2(Ω). Next, we concen-
trate on deriving the corresponding estimates which are uniform in ε.
Multiply (4.1)1 by ∆u
m+1
ε and integrate on Ωη = {x ∈ Ω : dist(x, ∂Ω) > η}, for some
ε < η, We get
1
2
∫
Ωη
(
1+ Jε(|Dum|)
)p−2|∆um+1ε |2dx
=
∫
Ωη
(2− p)(1+ Jε(|Dum|))p−3Dum+1ε (∆um+1ε ⊗∇Jε(|Dum|))dx + ∫
Ωη
∇ηm+1ε ∆um+1ε dx
−
∫
Ωη
µr rotwm∆um+1ε dx−
∫
Ωη
f∆um+1ε dx +
∫
Ωη
(um · ∇)um∆um+1ε dx =
5
∑
i=1
Hi.
Since
‖∇Jε(|Dum|)‖2,Ωη = ‖Jε(∇|Dum|)‖2,Ωη ≤ ‖∇|Dum|‖2,Ωη ,
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there follows
|H1| ≤ ‖Dum+1ε ‖∞,Ωη‖∆um+1ε ‖2,Ωη‖∇Jε(|Dum|)‖2,Ωη
≤ ‖um+1ε ‖C1,γ0‖∆um+1ε ‖2,Ωη‖∇|Dum|‖2,Ωη .
By using the divergence theorem
|H2| =
∣∣∣ ∫
∂Ωη
ηm+1ε ∆u
m+1
ε · ndσ
∣∣∣ ≤ ‖ηm+1ε ‖W 12 ,2(∂Ωη)‖∆um+1ε · n‖W− 12 ,2(∂Ωη).
Since γ0 = 1− 2q , q > 4, there follows γ0 > 12 , then ‖ηm+1ε ‖W 12 ,2(∂Ωη) ≤ C‖η
m+1
ε ‖C0,γ0 (see [14]).
‖∆um+1ε · n‖W− 12 ,2(∂Ωη) ≤ ‖∆u
m+1
ε ‖2,Ωη + ‖∇ · ∆um+1ε ‖2,Ωη = ‖∆um+1ε ‖2,Ωη (see [12, Chapter III]).
Hence
|H2| ≤ C‖ηm+1ε ‖C0,γ0‖∆um+1ε ‖2,Ωη .
Moreover,
|H3| ≤ ‖µr rotwm‖2‖∆um+1ε ‖2,Ωη ≤ Cµr‖wm‖2,2‖∆um+1ε ‖2,Ωη ,
|H4| ≤ ‖ f‖2‖∆um+1ε ‖2,Ωη ≤ ‖ f‖q‖∆um+1ε ‖2,Ωη ,
|H5| ≤ ‖(um · ∇)um‖2‖∆um+1ε ‖2,Ωη ≤ ‖um‖2C1,γ0‖∆um+1ε ‖2,Ωη ,
and ∣∣∣∣ ∫Ωη (1+ Jε(|Dum|))p−2|∆um+1ε |2dx
∣∣∣∣ ≥ (1+ ‖Jε(|Dum|)‖C0,γ0 )p−2‖∆um+1ε ‖22,Ωη
≥ (1+ ‖um|‖C1,γ0 )p−2‖∆um+1ε ‖22,Ωη .
The above estimates, recalling (4.2), imply that ∆um+1ε ∈ L2(Ωη) and
‖∆um+1ε ‖2,Ωη ≤ 2(1+ ‖um|‖C1,γ0 )2−p ·
[‖ f‖q + ‖um+1ε ‖C1,γ0‖∇|Dum|‖2,Ωη + C‖ηm+1ε ‖C0,γ0
+ Cµr‖wm‖2,2 + ‖um‖2C1,γ0
]
≤ Cc(1+ c21)(1+ 2c˜0‖ f‖q + 2c0‖g‖2)r+4−2p · (‖∇|Dum|‖2,Ωη + C)
· [Cµr(2c˜0‖ f‖q + 2c0‖g‖2) + ‖ f‖q + (2c˜0‖ f‖q + 2c0‖g‖2)2].
Since the previous estimate holds for any η > 0, we can replace ‖∆um+1ε ‖2,Ωη with ‖∆um+1ε ‖2,Ω.
By the boundedness of ∆um+1ε in L2(Ω), uniformly in ε, we deduce the existence of a subse-
quence weekly converging in L2(Ω).
On the other hand, for any fixed m ∈N, um+1ε tends to um+1 in W1,2(Ω) as ε→ 0. By using
the definition of weak solution for um+1ε and um+1 and testing with um+1 − um+1ε , we get∫
Ω
(
1+ Jε(|Dum|)
)p−2Dum+1ε (Dum+1 −Dum+1ε )dx
=
∫
Ω
(
1+ |Dum|)p−2Dum+1(Dum+1 −Dum+1ε )dx,
hence ∫
Ω
(
1+ |Dum|)p−2|Dum+1 −Dum+1ε |2dx
=
∫
Ω
∣∣(1+ Jε(|Dum|))p−2 − (1+ |Dum|)p−2∣∣Dum+1ε (Dum+1 −Dum+1ε )dx.
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Since∣∣∣∣ ∫Ω (1+ |Dum|)p−2|Dum+1 −Dum+1ε |2dx
∣∣∣∣ ≥ (1+ ‖Dum‖∞)p−2‖(Dum+1 −Dum+1ε )‖22
≥ (1+ ‖um‖C1,γ0 )p−2‖(Dum+1 −Dum+1ε )‖22,
∣∣∣∣ ∫Ω ∣∣(1+ Jε(|Dum|))p−2 − (1+ |Dum|)p−2∣∣Dum+1ε (Dum+1 −Dum+1ε )dx
∣∣∣∣
≤ (2− p)‖Jε(|Dum|)−Dum‖2‖Dum+1ε ‖∞‖Dum+1 −Dum+1ε ‖2
≤ (2− p)‖Jε(|Dum|)−Dum‖2‖um+1ε ‖C1,γ0‖Dum+1 −Dum+1ε ‖2,
there follows
‖Dum+1 −Dum+1ε ‖2 ≤ (2− p) · (1+ ‖um‖C1,γ0 )2−p‖Jε(|Dum|)−Dum‖2‖um+1ε ‖C1,γ0 ,
we can get Dum+1 ∈ L2(Ω) as ε→ 0.
By using the strong convergence of um+1ε to um+1 in W1,2(Ω), we also deduce that the limit
point of the subsequence of ∆um+1ε in L2(Ω) is ∆um+1. Since ‖D2um+1‖2 ≤ C‖∆um+1‖2, setting
B = 1+ 2c˜0‖ f‖q + 2c0‖g‖2, we get
‖D2um+1‖2 ≤ CBr+4−2p
[
Cµr(B− 1) + ‖ f‖q + (B− 1)2
]‖D2um‖2
+ CBr+4−2p
[
Cµr(B− 1) + ‖ f‖q + (B− 1)2
]
.
(4.3)
Set
Φ(z) = CBr+4−2p
[
Cµr(B− 1) + ‖ f‖q + (B− 1)2
]
z
+ CBr+4−2p
[
Cµr(B− 1) + ‖ f‖q + (B− 1)2
]
.
If
CBr+4−2p[Cµr(B− 1) + ‖ f‖q + (B− 1)2] < 1, (4.4)
then there exists z0 > 0 such that Φ(z0) = z0. Let m¯ = min{m ∈ N : ‖D2um‖2 ≤ z0}. Assume
that m¯ = +∞. Since Φ(z) < z for any z > z0, then, using (4.3) we get
‖D2um+1‖2 ≤ Φ(‖D2um‖2) ≤ ‖D2um‖2.
Therefore ‖D2um‖2 ≤ ‖D2u0‖2 ≤ c˜1(1 + c21)‖ f‖2, for every m ∈ N. On the other hand, if
m¯ < +∞, since Φ(z) is increasing, for any m ≥ m¯, we have
‖D2um+1‖2 ≤ Φ(‖D2um‖2) ≤ Φ(z0) = z0.
Hence, by induction, ‖D2um‖2 ≤ z0 for any m ≥ m¯. Finally
‖D2um‖2 ≤ max{c˜1(1+ c21)‖ f‖2, z0}.
By the uniform boundedness of the L2−norm of D2um, using the strong convergence in
W1,2(Ω) of um to the solution u of problem (1.1), we deduce that if the condition (4.4),
‖ f‖q ≤ δ1, ‖g‖2 ≤ δ2, µr < δ3 are satisfied, then u ∈ W2,2(Ω), w ∈ W2,2(Ω). By (1.1)1,
we have that ∇η = µr rotw+ f − (u · ∇)u+ div[(1 + |Du|)p−2Du] in the distribution sense.
Observing that the right-hand side of the previous identity belongs to L2(Ω), we obtain that
∇η ∈ L2(Ω).
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